Multicarrier Code Division Multiple Access (MC-CDMA) is an attractive technique for high speed wireless data transmission in view of its advantages over orthogonal frequency division multiplexing. In this paper, we analyze the performance of fully loaded downlink MC-CDMA systems with minimum mean square error (MMSE) equalizer in the presence of residual frequency offset (RFO) in multipath Rayleigh fading channels. We first show that as the SNR is increased beyond a value, referred as threshold SNR, the performance degrades. We then analyze the cause for this behavior and propose a remedy to prevent the degradation by regularizing the coefficient(s) of the equalizer, and use the regularized equalizer for SNRs beyond the threshold value. We suggest two methods for estimating this SNR, one gives close to the true value but requires the knowledge of RFO and the channel state information (CSI), while the other gives an approximate value but requires only CSI. We show that the regularization based on the approximate value also prevents the degradation, but the performance at higher SNRs is slightly poorer compared to that with the better estimate. Numerical and simulation results are provided to support the analysis.
Introduction
Orthogonal Frequency Division Multiplexing (OFDM) employs a number of orthogonal subcarriers to transmit symbols in parallel. This increases the symbol duration which aids in combating multipath interference. Although OFDM is attractive for high-speed wireless data transmission, it suffers from lack of frequency diversity. Spreading along the subcarriers introduces the frequency diversity and this is implemented in Multicarrier Code Division Multiple Access (MC-CDMA) system. Combination of frequency diversity and an appropriate equalizer yields improved bit error rate (BER) performance in multipath channels compared to OFDM [1] .
In OFDM systems, timing and frequency synchronization is very important [2] . In particular, lack of frequency synchronization causes loss of orthogonality among the subcarriers thereby introducing the inter carrier interference (ICI). Though several algorithms are proposed for estimating and correcting the frequency offset [3, 4] , there will always be some amount of residual frequency offset (RFO) left uncompensated. In [5] , the authors analyze the BER performance of the OFDM in multipath fading channels in the presence of RFO.
As MC-CDMA is a combination of OFDM and CDMA, it is sensitive to RFO [6] [7] [8] . In [6, 7] , the authors analyzed the performance of MC-CDMA in the presence of RFO using equal gain combining and maximal ratio combining equalizers. In [8] , the authors discussed the sensitivity of two-dimensional spreading schemes, such as orthogonal frequency code division multiplexing, to synchronization errors using zero-forcing (ZF) and minimum mean square error (MMSE) equalizers.
In this paper, we analyze the performance of fully loaded downlink MC-CDMA in the presence of RFO with ZF and MMSE equalizers. In particular, we obtain a closedform expression for the average signal-to-interference-plus noise ratio (SINR) at the output of despreader. We then show that though the performance of the MMSE equalizer is significantly better than that of ZF at lower SNRs, it 2 EURASIP Journal on Wireless Communications and Networking starts degrading beyond a SNR value, referred hereafter as threshold SNR, which depends on RFO and the profile of multipath channel, and tends towards that of ZF as SNR is increased further. We analyze the cause for this behavior and suggest a remedy to prevent degradation by regularization of the coefficient(s) of the MMSE equalizer. The regularized equalizer is used for SNRs beyond the threshold value. We suggest two methods for estimating this SNR value, one of them gives close to the true value but it requires the knowledge of RFO and channel state information (CSI), while the other gives an approximate value which needs only CSI. If the actual value of RFO is less than the assumed, the threshold SNR estimated based on the assumed RFO will still be appropriate. The regularization with approximate value of the threshold SNR also prevents degradation, but with a small loss in the BER performance at higher SNRs compared to that with the better estimate. Numerical and simulation results are provided to support the analysis.
The rest of the paper is organized as follows. Section 2 provides a brief background of an MC-CDMA system. In Section 3, we introduce the received signal model at the FFT output in the presence of RFO. In Section 4, we obtain the expression for BER with MMSE and ZF equalizers and bring out the degradation with the former at high SNRs. In Section 5, we analyze the cause for the degradation beyond a threshold SNR and suggest a remedy as well as two methods for estimating the threshold SNR. Section 6 gives simulation results for multipath Rayleigh fading channels, and Section 7 concludes the paper.
Brief Background of an MC-CDMA System
In MC-CDMA, the spreading is implemented in frequency. Here, we use Walsh-Hadamard codes for spreading. For convenience, we assume that the frequency spreading factor is same as the number of subcarriers, N f , which is an integer power of 2. Let W N f denote the Walsh-Hadamard matrix of size N f × N f :
where w
T with the superscript T denoting transpose of a vector. Let the symbols be a k , 0 ≤ k ≤ N f − 1. The symbol a k is spreaded in frequency by w N f k . The output of the frequency spreader block (see Figure 1 ) is given by
where x is a vector of size N f × 1. From the above equation it is clear that we are considering a fully loaded downlink MC-CDMA system. The output of this block is fed to the IFFT block whose output is given by
where
T and F denotes normalized IFFT matrix. The output y is sent to the Add Guard Interval block where the cyclic prefix of length (L−1) is added giving
and y is transmitted after parallel to serial conversion. The receiver block diagram is shown in Figure 2 . The received signal is first passed through a serial to parallel converter and then given to the FFT block after removing the guard interval (cyclic prefix). The output of the FFT block is fed to equalizer block and its output is given to the frequency despreader block. The other blocks are parallel to serial converter and symbol demapper (see Figure 2 ).
Received Signal Model at the FFT Output in the Presence of RFO
At the receiver, we perform timing and frequency synchronization and channel estimation using a preamble. We assume perfect timing synchronization and perfect knowledge of the CSI. Also, we assume that some amount of RFO will be left after correction with estimated carrier frequency offset, and normalized value of this (normalized with subcarrier spacing) is of the order 10 −2 . Let this RFO be denoted by .
We collect (N f + L − 1) samples of the received signal, remove the cyclic prefix, and compute its FFT. The FFT output is given by
where the superscript H denotes Hermitian transpose, n refers to nth MC-CDMA symbol and the exponent is the phase accumulation term after removing cyclic prefix. H is a circulant matrix:
and T is
where diag[·] denotes a diagonal matrix with the elements as its diagonal elements, and i = √ −1. η is a circularly symmetric complex Gaussian noise vector of size N f × 1 with independent and identically distributed elements, each having zero mean and variance σ 2 . In (6), h 0 , h 1 , . . . , h L−1 are the L channel impulse response coefficients, each of which is modeled as a complex Gaussian variable with zero mean and variance σ 2 hi , i = 0, 1, . . . , L − 1, and we assume that they are mutually uncorrelated.
From [5] , (5) can be written as
where (m, l)th element of T, for m,
and Λ is a diagonal matrix with the diagonal elements as the eigenvalues of H. Let these eigenvalues be λ 0 ,
They represent the subchannel (bin) gains. We may point out here that the N f DFT coefficients of h 0 , h 1 , . . . , h L−1 , computed using the normalized DFT and scaled by N f , represent the eigenvalues of H.
The term e i2π (n( (8) is the common phase error and we assume that the receiver is able to perfectly compensate this error for each block using pilot tones (see [5, 9] ). After compensation with common phase error, we have
In view of the model assumed for η, the elements of η are also i.i.d complex Gaussian with zero mean and variance σ 2 .
BER Performance of MC-CDMA with MMSE and ZF Equalizers in the Presence of RFO
Note that frequency selective nature of the multipath channel causes multicode interference (MCI) while RFO causes intercarrier interference (ICI). If the value of RFO is known as well as the knowledge of CSI, we can design the equalizer to combat both MCI and ICI. However, in practice, we will not have the knowledge of the exact value of RFO, and hence, we design the equalizer only to combat MCI. Let V eq denote the equalizer matrix. Applying this to the signal (10), we have
where we replaced x with (2), and d is a vector of size N f × 1. Next, we apply frequency despreading to decode the transmitted symbol a m :
If we now design an MMSE equalizer only to combat MCI, then V eq is a diagonal matrix with diagonal elements as (see [1, 10] )
where P = E(a m a * m ) with superscript * denoting complex conjugate. On the other hand, if we choose a ZF equalizer, then the corresponding V eq is given by
To compute BER with a particular equalizer, we follow the analysis suggested in [6] [7] [8] . We decompose the first term of (12) into three parts, a 1 m , a 2 m , and a 3 m , as follows:
The matrix E is a diagonal matrix with its elements as the diagonal elements of T. From the structure of T (see (9)), we note that a 1 m and a 2 m are the desired symbol multiplied by a real scalar and a complex scalar, respectively, and a 3 m is the interference from other symbols caused by MCI and 4 EURASIP Journal on Wireless Communications and Networking ICI. Though the second term contains the desired symbol, it can add to the first term constructively or destructively because of the associated complex scalar. We, therefore, treat it as the interference and following [7] , we define it as self interference. The third term is the interference from other symbols. In view of the assumption that the symbols are identical and independently distributed random variables with zero mean and variance P, and applying the central limit theorem, we model the second and third terms as zero mean and uncorrelated Gaussian variables. The fourth term in (15) is a zero mean Gaussian variable which is uncorrelated with the second and third terms. Further, in view of the i.i.d. nature of the elements of η, its variance is independent of which symbol is being decoded.
To find the BER, we first evaluate average SINR for each decoded symbol. Denoting the average SINR for the decoded symbol a m as SINR m , we have from (16), (17), (18), and the fourth term in(15)
Assuming that the symbols are drawn from a 4-QAM constellation of average power P and they are equally likely, and the mapping of data bits to symbols is based on Gray encoding, the BER is given by [11] BER | (Λ, )
The above expression can be evaluated using numerical integration for both MMSE and ZF equalizers choosing the corresponding equalizer coefficients in the SINR expression.
Degradation of MMSE Equalizer Performance at High
SNRs. Note that at high SNRs (see (13)),
The above relation, combined with the fact that the BER performance of MMSE equalizer is significantly better than that of ZF equalizer at low and moderate SNRs in multipath fading channels (see [1] ) and also that ZF performance has a floor at high SNR due to ICI, suggests that the MMSE equalizer performance degrades beyond an SNR value, referred as threshold SNR. This SNR depends on RFO and multipath channel profile. To see if this is the case, we first considered a particular realization of a 6-tap Rayleigh fading channel model [12] and evaluated the BER performance from (21) with both MMSE and ZF equalizers for two values of RFO, 0.05 and 0.03, choosing N f = 64. Figure 3 gives the BER plots which support our above remark regarding the performance of MMSE equalizer. Note from the plots that for RFO = 0.05, the threshold SNR is 28 dB Table 1 , and symbols are from 4-QAM constellation with P = 1). while it is 33 dB for RFO = 0.03. We may point out here that when we considered a particular channel realization in the analysis, we normalized the channel impulse response coefficients to unit-norm. Note that N f P is the average transmitted signal power in each bin and this prompted us to plot the curves as a function of N f P/σ 2 .
Next, we considered 3 different realizations of the same 6-tap channel and Figure 4 shows the BER plots for RFO = 0.05. Note that the degradation happens for the channel realizations with large values of |λ max |/|λ min | (see Table 1 ) where |λ max | and |λ min | denote, respectively, the largest and smallest of |λ 0 |, |λ 1 |, . . . , |λ N f −1 | and correspond to the strongest and weakest bin gains, respectively. Note that the threshold SNR in the case of CR-1 is 28 dB while it is 26 dB for CR-2. We will explain in the next section why the BER performance does not degrade at high SNRs in the case of CR-3.
Cause and Remedy for the Degradation
From the results of the preceding section, it is clear that the performance of MC-CDMA with MMSE equalizer degrades beyond a threshold SNR in multipath channels in the presence of RFO. In other words, the SINR decreases with increasing SNR beyond the threshold SNR. We now make an attempt to pinpoint the cause for such behavior. Table 1 , and symbols are from 4-QAM constellation with P = 1). Table 1 (N f = 64 and RFO = 0.05, and symbols are from 4-QAM constellation with P = 1).
Cause. Consider the term a 3
m (see (18)) contributed by MCI and ICI. We evaluated E(a 3 m a 3 * m ) as a function of N f P/σ 2 with RFO = 0.05 and for CR-1. Note from Figure 5 that the E(a 3 m a 3 * m ) begins to increase beyond about 28 dB SNR which is the threshold SNR for the plot 1 corresponding to MMSE in Figure 3 .
As a 3 m is the interference from the symbols other than the symbol being decoded and carried by all the subcarriers (see (18)), we express a 3 m as 
Here, a 3 m,k represents the amount of interference caused by the symbols other than the symbol being decoded, carried by kth bin. We now examine a 3 m,k for three bins: (1) the weakest bin, (2) the next weakest bin, and (3) the strongest bin. Figure 6 gives the plots of E(a 3 m,k a 3 * m,k ) for these three bins. We observe the following from the plots.
The interference contribution from the strongest bin (Plot 3) is nearly independent of SNR, while the contribution from the weakest bin (Plot 1) increases monotonically with SNR, tending to a constant value only at very large values of SNR. The contribution from the next weakest bin (Plot 2) increases with SNR initially at a slower rate compared to that in the weakest bin case and tends to a constant value quickly after the SNR exceeds the threshold value 28 dB. This behavior suggests that it is the weakest bin which essentially determines the degradation beyond the threshold SNR. Now, consider the BER plots of Figure 4 for the case of CR-3. We note from (24) that when k corresponds to the weakest bin, it will have the term ((λ min )
* /(N f |λ min | 2 + σ 2 /(P)))λ max . When σ 2 /(P) is small compared to N f |λ min | 2 , we can approximate it to λ max /N f λ min which suggests that this ratio determines the magnification of interference which is well known. The low value of this ratio for CR-3 (see Table 1 ) explains why the BER does not degrade as the SNR is increased.
Remedy.
Since the weakest bin essentially determines the degradation, we regularize the corresponding coefficient Table 1 , and symbols are from 4-QAM constellation with P = 1).
of the equalizer, that is, V eq,mmse (k, k), k corresponding to λ min , as (λ min )
* /(N f (|λ min | 2 + (σ 2 /N f P) th )) and use the regularized equalizer for the SNRs exceeding the threshold value. Here, (σ 2 /N f P) th denotes the value of (σ 2 /N f P) at the threshold SNR. This implicitly assumes that we have the knowledge of the threshold SNR. Before addressing this issue, we first examine if the suggested regularization prevents the degradation. Figure 7 gives the BER plots for CR-1 with equalizer coefficients (13) (Plot 1) and with the regularization as suggested above (Plot 1 ). In this figure, we chose the value of RFO as 0.05 and N f = 64 and applied the regularization with (σ 2 /N f P) th corresponding to the threshold SNR 28 dB. Note that the regularization prevents the degradation.
Use of above threshold SNR implicitly assumes that we have the knowledge of RFO value. In practice, it will not be the case. However, from the system specifications and the synchronization algorithm, one will have an estimate of the maximum possible RFO which is of the order 10 −2 . It will then be of interest to know how the regularization, computed based on the assumed knowledge of maximum RFO value, will perform if the actual RFO is different from the assumed. In Figure 7 , Plots 2 and 2 correspond to the equalizer (13) and the regularized equalizer, respectively, for RFO = 0.03. We note that the suggested regularization prevents the degradation even though the actual RFO is different from the assumed value based on which the threshold SNR and the regularized coefficient were computed. From these results, we are tempted to state that the knowledge of the actual value of RFO is not critical to the suggested method.
Estimating the Threshold SNR.
From the estimated channel impulse response coefficients, we compute λ k 's. Assuming a maximum value for RFO, and for a given transmitted symbol constellation, we can evaluate BER as a function of (N f P/σ 2 ) using (21). Evaluate the BER over a range of SNR values with a spacing of 2 dB, determine the SNR at which the BER starts increasing and take the immediate previous SNR value as the estimate of the threshold SNR (N f P/σ 2 ) th .
An Approximate Value of Threshold SNR.
Recall that in arriving at the regularization coefficient, we assumed (σ 2 /P) to be small compared to N f |λ min | 2 and argued that major contribution to the term a 3 m comes from the weakest bin if |λ max |/|λ min | is large. This suggests that an approximate value of the threshold SNR can be obtained from
For CR-1, (26) gives nearly 23 dB. Note that only the knowledge of CSI is required in this case. To see how the regularization based on the approximate threshold SNR performs, we computed this from (26) and regularized the equalizer coefficient corresponding to the weakest bin as (λ min ) * /(N f (|λ min | 2 + (σ 2 /N f P) th-approx )) and evaluated the corresponding BER using (21). Plots 1 and 2 of Figure 7 show these results.
The regularization based on the approximate value of the threshold SNR prevents degradation independent of RFO value and spread in the bin gains. However, at higher SNRs, there is a small loss in the performance compared to that based on better estimate of the threshold SNR computed as described in the previous section. In the next section, we present results for N f = 16 and 256 to show the effectiveness of the approximate threshold SNR.
Simulation Results
To see how the proposed regularization performs in multipath Rayleigh fading channels, we conducted simulations using the following simulation setup.
We considered a burst communication in slow fading scenario. Here, we assume perfect timing and channel estimate, and assume a maximum value of RFO as 0.05. We considered 10 6 realizations of the channel model given in [12] , normalizing each tap variance such that the total variance is one. This results in the average received signal power in each bin same as the transmitted power which is N f P. Thus, the N f P/σ 2 represents the received SNR in each bin. The data burst consists of 100 OFDM symbols where each OFDM symbol is made up of N f 4-QAM symbols and mapping of data bits to symbols is based on Gray encoding. A complex Gaussian noise, with appropriate variance to give the required SNR, is added to the received signal. The noise corrupted received signal is preprocessed with (i) MMSE equalizer (13), (ii) regularized equalizer based on threshold SNR estimated as described in Section 5.3,and (iii) regularized equalizer based on the approximate threshold SNR computed from (26). In each case, for different values of N f P/σ 2 , the preprocessed received signal is decoded and the number of decoded symbols in error is noted. This is repeated for 10 6 channel realizations, choosing a different sequence of transmitted 4-QAM symbols and a different noise sequence in each case, and the number of decoded symbols in error is noted. From the results so obtained, the average symbol error probability is computed for each value of N f P/σ 2 , and one half of this is taken as the BER.
We first considered N f = 64. For each realization, we computed λ k 's and regularized the equalizer coefficient corresponding to the weakest bin for every realization with |λ max |/|λ min | ≥ 64, using two different values of threshold SNR as described above, and processed the noise corrupted received signal. The results of BER are given in Figure 8 . We note from the plots that the suggested regularization performs as predicted. Further, the regularization with approximate threshold SNR performs nearly as good as that with better estimate of the threshold SNR over a wide range of RFO values (0.01 to 0.05). This is very significant since the approximate threshold SNR is computed from the knowledge of CSI only, which is available at the receiver.
To verify if regularization with approximate threshold SNR performs well for other values of N f , we considered N f = 16 and 256 and used the same simulation setup as given above.
6.1. N f = 16. In this case, we regularized the equalizer coefficient corresponding to weakest bin, using the threshold SNR computed from (26), for every realization with |λ max |/|λ min | ≥ 16. The results are shown in Figure 9 . The plots show that the regularization based on approximate threshold SNR performs well. [12] with tap variances normalized such that the total variance is one (Plots 1, 2 are without regularization, plots 1 , 2 are with regularization corresponding to the 5 bins whose gains are least of the 256 bin gains, computing the threshold SNR from (26) by replacing λ min with the corresponding bin gain, plots (1, 1 ), (2, 2 ) correspond to RFOs = 0.05 and 0.03, respectively, and symbols are from 4-QAM constellation with P = 1).
corresponding to 5 bins whose gains are least of the 256 λ k 's, choosing the the threshold SNR from (26) replacing λ min with λ k of the corresponding bin, the degradation can be prevented. We applied this for every realization with |λ max |/|λ min | ≥ 128 and the results are given in Figure 10 . Note that with regularization using the approximate threshold SNR, the BER reaches a floor instead of rising.
Conclusions
In this paper, we have studied the BER performance of MC-CDMA with MMSE equalizer in the presence of RFO in multipath Rayleigh fading channels and brought out the threshold effect; that is, beyond certain SNR the BER deteriorates, and the value of this SNR depends on the value of RFO and the channel profile. An attempt has been made to pinpoint the cause for such behavior and regularization of the equalizer coefficient(s) has been suggested to prevent the degradation. The regularization requires knowledge of the threshold SNR. We have shown with numerical and simulation results that with an approximate threshold SNR, which can be computed from the knowledge of CSI only, the degradation can be prevented.
